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well-trodden path of economic development. With these private benefits from deforestation come external costs: emissions from deforestation currently account for 12
per cent of global carbon emissions. A widespread intervention in reducing emissions from deforestation will affect the paths of agricultural expansion and economic
growth of lower income nations. To investigate these processes, this paper presents
a general, dynamic, stochastic model of deforestation and economic growth. The
model is shown to generate unique deforestation and investment paths and a model
without reduced deforestation policy is shown to have a stationary distribution of
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national output growth falls with compensation for reduced deforestation. Second,
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Introduction
We made our oath beneath a mighty ironbark it were 8 ft. across as old as history
its bark so black and rough it were like the armour of a foreign king. Might as well
said Jem, then spat upon his hands and laid his axe into the brutal bark the flesh were
sour and red... (Carey, 2000, p. 104)

The story goes that with their father in gaol, a 15 year old Ned Kelly and his 9 year old
brother Jem were left to develop their family’s property at 11 Mile Creek in the Colony
of Victoria, soon to become a State in federated Australia. Their strategy to generate
income and avoid ‘slaving for their aunts’ involved felling trees to provide farming land.
Ned and Jem’s story is not unique, as the clearing of forested land for production is a
well-trodden path of economic development. Deforestation facilitated development was
also the experience in middle-ages Europe and Japan, pre-European Easter Island, and
in post-European North America (Diamond, 2005). Presently, high rates of deforestation
are found in lower income countries in the tropical belt (Chomitz et al., 2007).
In addition to agricultural benefits, deforestation has external costs. These costs are
global: tropical deforestation accounts for approximately 12 per cent of total global emissions (van der Werf et al., 2009). Because reducing these emissions would impose opportunity costs of foregone income, tropical nations have little incentive to reduce deforestation emissions unilaterally. An initiative now known as REDD+1 attempts to provide
an incentive for tropical nations to incorporate the external costs of carbon emissions
through compensating reduced deforestation (Coalition for Rainforest Nations, 2007).
Compensation may offset the cost of foregone income, but a REDD+ mechanism may
still affect the broader economy. Reducing deforestation will slow the expansion of agricultural land, reducing growth in an important sector for low income countries (The
World Bank, 2007). On the other hand, resources that would have been used in agriculture may migrate to other sectors and offset national output losses. Further, compensation received for reducing deforestation may be invested, raising future capital stocks
and output. In this paper these effects are investigated through the development of a
model that incorporates land expansion, capital accumulation and reduced deforestation
policy.
1 Reducing

Emissions from Deforestation and forest Degradation. The ‘+’ refers to activities that promote non carbon related benefits, amongst others. See Olander et al. (2012) for more information about
changing scope of REDD over time.
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Existing models cannot be relied upon to investigate reduced deforestation policy
and the short to medium run effects of policy on the broader economy. First, many
growth models implicitly assume agricultural land is perfectly substitutable with other
capital stocks (Stern, 2011). This is not surprising when we consider that early growth
models focused on developed nations and that most of these nations largely ceased
agricultural expansion before Kuznets developed the stylised facts that lead to the development of modern growth models (Acemoglu, 2009). Second, where explicitly included the amount of land used in production is typically held fixed (Adamopoulos,
2008; Dekle and Vandenbroucke, 2012), clearly unsuitable for a process of expanding
productive landholdings. Third, the existence of costs to defining property rights over
the forest margin (Chomitz et al., 2007; Mendelsohn, 1994) rules out Hotelling-style extraction models (Dasgupta and Heal, 1974). Finally, the modeling of agricultural land in
computable general equilibrium models is limited to static allocations or exogenous dynamic processes. As such, they are used to investigate alternative policies. For instance,
a subsidy on land use (Warr and Yusuf, 2011), a global carbon tax (Golub et al., 2009),
and the effect of macroeconomic policies on land use (Persson and Munasinghe, 1995;
Cattaneo, 2001).
An exception to the above limitations is a recent paper investigating deforestation
in an optimal control model (Ollivier, 2012). The model presented here builds upon
the work of Ollivier through developing general conditions that guarantee unique, endogenous paths of both deforestation and investment as well as including uncertainty.
There are two reasons for including uncertainty. First, uncertainty allows the study of
compensation under stochastic global carbon prices. Second, as is well established in
the broader literature on savings and investment the presence of uncertainty can alter
behaviour (Hartman, 1972; Kimball, 1990; Caballero, 1991), and others have shown that
productivity shocks change optimal policy (Heutel, 2012). The framework also lends
itself to numerical experiments, which are conducted to investigate policy design principles. To investigate these principles the model is calibrated to match the recent experience in Indonesia.
The main findings are as follows. National output growth initially declines under
compensation to reduce deforestation, but national income rises due to the inclusion of
compensation payments. Compensation for forest stocks reduces deforestation, but is
likely too costly to be a feasible option for reducing deforestation. Finally, offering a
fixed compensation rate rather than a variable compensation rate further reduces defor-
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estation.
National output declines in the short run for three reasons. First, landholdings are
directly reduced by the policy. Second, as compensation raises future incomes the agent
receiving compensation partly substitutes savings with compensation. Finally, under
the parameterisation used lower landholdings also lower the marginal productivity of
capital, further lowering the incentive to invest.
In lowering compensation for each unit of forest removed the compensation rate
for forest stocks creates a similar marginal cost to the compensation rate for reduced
deforestation. Total compensation will differ; however, since the total area of forests is
typically larger than the area of reduced deforestation.
Compensation for forest stocks has been proposed as a way to include, through transferring wealth, countries with historically low deforestation rates (Woods Hold Research
Center, 2008). The results of this paper cast doubt on the feasibility of such compensation
as a means of reducing deforestation. Where there is a limited pool of funds available
for REDD+, as seems likely (Eliasch, 2008) then increasing the area rewarded lowers the
price per unit of reduced deforestation and hence the marginal cost of deforestation.
An alternative means of including countries with good historical environmental management is suggested: setting a baseline for reduced deforestation higher than what the
agent would deforest in the absence of policy. This policy option rewards historically
good environmental management through a transfer of wealth: a higher compensation
rate means the agent could deforest as much as the agent would have in the absence of a
policy and still receive compensation. Further, total compensation is typically lower with
inflated baselines than under forest stock compensation, permitting a higher payment
per unit of reduced deforestation.
Finally, reducing uncertainty in compensation payments can reduce further deforestation. With convex marginal utility the possibility of a low compensation rate affects
behaviour greater than the possibility of a high compensation rate. Thus the expected
value to the agent of future uncertain compensation is less than the value of certain
compensation.

2

Model

In this section, a model of economic growth with endogenous deforestation and avoided
deforestation policy is developed.
4

An economic agent enjoys consuming a single good. The agent has two assets: income
y ∈ (0, ∞) and productive land ` ∈ [0, L], L ∈ R++ . L is the total amount of land in the
economy, with remaining area, L − `, forested.2 The state space is S := (0, ∞) × [0, L],
with typical element (y, `).
Through its two actions the agent accumulates income and productive land over
time. Production generates next period’s income and deforestation generates next period’s landholdings. The production technology g employs land and capital as inputs.
Invested income determines next period’s capital. Denote investment by k, which is nonnegative and cannot exceed income, so that the feasible investment set is [0, y]. Capital
is depreciated at the rate δ ∈ [0, 1] per period.
This period’s consumption levels are equal to income net of investment, c := y − k.
The agent’s preference over consumption levels is represented by R+ 3 c 7→ u(c) ∈ R.
Assumption 1. u is bounded, strictly increasing, strictly concave, differentiable, has u(0) = 0,
satisfies limc↓0 uC = +∞.3
Land is accumulated through deforestation, d. Next period’s productive landholdings
are equal to current landholdings plus deforestation, `0 = ` + d.4 Deforestation is costly
as the process involves clearing forests and preparing land for production. Deforestation
effort comes at an increasing convex cost per unit of deforestation, with the effort cost
being [0, L] 3 d 7→ h(d) ∈ R+ .
Assumption 2. h is bounded, increasing, strictly convex and differentiable on [0, L]
The sum of consumption utility and deforestation effort defines the agent’s per period
reward function S × [0, y] × [0, L] 3 (y, `, k, `0 ) 7→ r (y, `, k, `0 ) ∈ R.
r (y, `, k, `0 ) := u(y − k ) − h(`0 − `)

(1)

Investment and next period’s land generate next period’s output using technology
S 3 (k, `0 ) 7→ g(k, `0 ) ∈ R+ , which follows assumption 3. Production is augmented
multiplicatively by a productivity shock χ ∼ µχ where µχ is a distribution on R++ .
Assumption 3. g is increasing and concave in both arguments, continuously differentiable and
satisfies g(0, `0 ) = g(k, 0) = 0.
2 Throughout

this paper, ‘land’ or ‘landholdings’ will refer to land used in production. Forested land
will be explicitly stated as such.
3 Subscripts throughout the paper refer to derivatives.
4 Apostrophes refer to the subsequent period, with double apostrophes referring to two periods hence.
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Deforestation adversely affects an exogenous foreign-agent. Aware the (domestic)
agent has no incentive to incorporate the foreign-agent’s preferences and reduce deforestation the foreign-agent offers a compensation contract for reduced deforestation to
the agent. This structure reflects the nature of REDD+ policy: reduced deforestation is
being undertaken in tropical nations, and typically funded by foreign nations. Compensation for today’s reduced deforestation is received by the agent as part of next period’s
income. The timing of the agent’s actions is presented in figure 1.
Figure 1: Timing of the model

t+1

t
Observe income,
productive land and
contract parameters

Invest, deforest,
produce and
consume

Observe next period’s
income, productive land
and contract parameters

The compensation contract is composed of two components: compensation for reductions in deforestation rates and compensation for levels of forest stocks held.
Definition 1. For any level of deforestation d, and forested landholdings held after deforestation
L − ` − d, a compensation contract for reduced deforestation consists of a tuple (ρ, λ, φ, µρ , µφ ),
where
• ρ · (λ − d) is the compensation for reduced deforestation:

◦ µρ is a distribution on R+
◦ ρ ∼ µρ is the reduced deforestation compensation rate; and
◦ λ ∈ R+ is a reference level.
• φ · ( L − ` − d) is the compensation for forests stocks:

◦ µφ is a distribution on R+
◦ φ ∼ µφ is the forest stock compensation rate.
• ρ · (λ − d) + φ · ( L − ` − d) is the total compensation payment.
The two components of the compensation contract are composed of a price and a
quantity. The reduced deforestation compensation rate ρ ∈ R+ is the price paid per
unit of deforestation reduced over the one period life of the policy. Credited emissions
6

reductions can potentially be sold on carbon markets (Eliasch, 2008; Angelsen et al.,
2009), so ρ represents the carbon per unit area. Since there will be uncertainty over future
carbon prices, uncertainty in the realised compensation rate is permitted by assuming
that ρ is generated by a distribution µρ on R+ .
To generate a quantity of reduced deforestation, realised deforestation is compared
to a reference level, λ ∈ R+ . The reference level, otherwise known as a baseline or
target, mimics what the deforestation level would have been in the absence of compensation. In practice, this counterfactual is difficult to forecast. With a numerical model,
this counterfactual can be precisely established; however, this is not done for two reasons. First, while existence of the agent’s optimal deforestation level can be ensured
where the reference level is set to the counterfactual, uniqueness of the optimal deforestation level cannot.5 As the focus in this paper is the level of deforestation over the
short to medium term, uniqueness of the model generated deforestation level is a crucial
property. Second, practical implementation of a REDD+ mechanism will involve choosing some reference level (Griscom et al., 2009; Corbera et al., 2010). The consequences
of altering reference levels in practice can be investigated through allowing reference
levels to vary in numerical experiments. Since REDD+ is intended to make nations no
worse off, throughout this paper the reference level will be assumed to be greater than
deforestation in the absence of a policy.
The second component of the policy is compensation for forest stocks. Total compensation for forest stocks is again composed of a price and quantity. The price is the forest
stock compensation rate φ ∈ R+ , the payment per unit of forest remaining. The forest
stock compensation rate, φ is a random variable with distribution µφ on R+ . The quantity is the area of forest stocks held after deforestation L − ` − d. Total compensation is
added to next period’s output and un-depreciated capital to form next period’s income.
Next period’s state is generated by the vector valued transition function R++ × R2+ ×
[0, y] × [0, L]2 3 (χ, ρ, φ, `, k, `0 ) 7→ H (χ, ρ, φ, `, k, `0 ) ∈ S for any (y, `) ∈ S.

0

H (χ, ρ, φ, `, k, ` ) :=

χ · g(k, `0 ) + k · (1 − δ) + ρ · (λ + ` − `0 ) + φ · ( L − `0 )
`0

!
(2)

Assume the agent follows a time stationary policy-function S 3 (y, `) 7→ π (y, `) ∈
5 Specifically, concavity of the optimal policy-function is required and cannot be ensured. The term
‘optimal policy-function’ is defined in definition 4.
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[0, y] × [0, L] mapping income and landholdings into investment and next period’s landholdings. The policy-function is restricted to be feasible, in that any pair of choices for
any state (y, `) is contained in [0, y] × [0, L]. Define Π as the set of feasible policy-functions.
To simplify the notation, let R++ × R2+ =: Z 3 ζ := (µχ , µρ , µφ ) be a distribution
consisting of the three independent distributions. Further, let z be the triple z := (χ, ρ, φ).
The law of motion is:

(yt+1 , `t+1 ) = H (zt+1 , `t , π K (yt , `t ), π L (yt , `t ))
i.i.d.

( z t ) t ≥1 ∼ ζ
(y0 , `0 ) ∈ S given

(3)

t ∈ N0
Assembling these pieces and given initial state (y, `) and discount rate β ∈ (0, 1), the
agent’s optimisation problem is to construct a policy-function to maximise the expected,
discounted value of following this policy-function.
Definition 2. The agent’s optimisation problem is:


vπ (y, `) := E

∞

∑

max vπ (y, `), where
π ∈Π

t
K
L
β r (yt , `t , π (yt , `t ), π (yt , `t ))

t =0

subject to: (3)
where the expectations operator is over ζ. The maximum value of the optimisation
problem is the deforestation-growth value function in definition 3.
Definition 3. The deforestation-growth value function is v∗ (y, `) := sup{vπ (y, `) : π ∈
Π}, where vπ is defined in definition 2.
The deforestation-growth value function will be obtained by following the optimal
policy-function in definition 4.
Definition 4. A policy-function π ∗ ∈ Π is called optimal if vπ ∗ = v∗ for each (y, `) ∈ S.
The deforestation-growth value function can be shown to follow a Bellman equation.
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Proposition 1. The deforestation-growth value function v∗ is increasing and strictly concave
on S. The deforestation-growth value function v∗ is differentiable on the interior of S. It is the
unique function in the set of increasing, strictly concave, bounded functions on S that satisfies:


∗

v (y, `) =

max

(k,`0 )∈[0,y]×[0,L]

0

r (y, `, k, ` ) + β

Z

∗

0





v H (z, `, k, ` ) ζ (dz)

((y, `) ∈ S) (4)

An optimal policy-function π ∗ exists. π ∗ is unique, continuous and nondecreasing on S.
Proof. See appendix A.1.
In the model without a compensation contract for reduced deforestation, both investment and next period’s landholdings can be shown to be increasing on the state
space.
Proposition 2. In the model without a compensation contract for reduced deforestation, both
investment and next period’s landholdings are non-decreasing on the state space. That is, for any
ˆ with y ≤ ŷ and ` ≤ `ˆ , π K ∗ (y, `) ≤ π K ∗ (ŷ, `)
ˆ and π L∗ (y, `) ≤ π L∗ (ŷ, `)
ˆ .
(y, `) and (ŷ, `)
Proof. See appendix A.2
Under additional restrictions the optimal income and land process as generated by
the law of motion (3) has at least one stationary distribution. Let P (S) be the set of
distributions on S and B(S) denote the Borel sets on S.
Definition 5. A distribution ψ ∈ P (S) is called stationary if:
Z

h
i
1B H (χ, π K ∗ (y, `), π L∗ (y, `))µχ (dχ) ψ∗ (y, `) = ψ∗ ( B)

B ∈ B(S)

(5)

Modify the state space to S := R+ × [ L, L] for L > 0. This modification ensures
sufficient incentive to invest at low landholdings and low income levels. The following
assumption will be required:
Assumption 4. In addition to assumption 3, for all ` ∈ [ L, L], g satisfies:
R
• [χg(k, `) + (1 − δ)k ] µχ (dχ) ≤ ak + b for a ∈ (0, 1) and b < ∞
R
1
• limk↓0 β(χg (k,`)+(
µ (dχ) < 1.
1−δ)) χ
k

The first component of assumption 4 is a weak diminishing returns argument, and the
second component ensures sufficient incentive to invest at low income and landholdings.
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Proposition 3. On a state space S := (0, ∞) × [ L, L], there exists at least one nontrivial stationary distribution ψ∗ ∈ P (S).
Proof. See appendix A.3

2.1

First order conditions

The agent chooses investment levels and next period’s levels of productive landholdings
according to the following conditions:

uC (y − k ) ≥ β

Z

vY∗ (χg(k, `0 ) + k · (1 − δ) + ρ · (λ + ` − `0 ) + φ · ( L − `0 ), `0 )

× (χgK (k, `0 ) + 1 − δ)ζ (dz)
h L (`0 − `) ≥ β

Z

vY∗ (χg(k, `0 ) + k · (1 − δ) + ρ · (λ + ` − `0 ) + φ · ( L − `0 ), `0 )

× (χg L (k, `0 ) − ρ − λ) + v∗L ζ (dz)
vY∗ (y, `) = uC (y − k)
v∗L (y, `) = h L (`0 − `)

+β

Z

vY∗ (χg(k, `0 ) + k · (1 − δ) + ρ · (λ + ` − `0 ) + φ · ( L − `0 ), `0 )ρ ζ (dz)

These form the intertemporal conditions which hold with equality on the interior of
S. These conditions imply consumption is increasing in income levels.
Proposition 4. Optimal consumption c(y) := y − π K ∗ (y, `), is increasing in income levels.
That is, y ≤ y0 implies c(y) ≤ c(y0 )
Proof. See appendix A.4
As a benchmark, assume no compensation payments are made.6 Along the interior
of the state space the first order conditions are:

uC (y − k ) = β
h L (`0 − `) = β
6 For

Z


uC χg(k, `0 ) + k · (1 − δ) − k0 (χgK (k, `0 ) + 1 − δ) µχ (dχ)

(7a)

Z


uC χg(k, `0 ) + k · (1 − δ) − k0 χg L (k, `0 ) + h L (`00 − `0 ) µχ (dχ)

(7b)

example by letting the distributions on compensation rates satisfy P{ρ = 0} = P{φ = 0} = 1.
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The agent’s capital investment decision (7a) equates the marginal cost of investment
in terms of foregone current consumption to the expected, discounted marginal benefit. The marginal benefit stems from the additional consumption an additional unit of
invested capital generates.
Landholdings influence investment through the production technology g. Higher
landholdings increase output and decrease the marginal utility of consumption (see assumption 3 and proposition 4). The net effect of landholdings on investment depends
on how landholdings change the marginal productivity of capital. Where higher landholdings decrease the marginal productivity of capital, then higher landholdings unambiguously decrease investment. Where higher landholdings increase the marginal
productivity of capital the effect is ambiguous.
The optimal land decision (7b) balances this period’s marginal deforestation effort
cost with next period’s discounted, expected marginal benefit. Next period’s marginal
benefit is the sum of the benefit of an additional unit of land and the reduction in next
period’s deforestation effort cost. Next period’s marginal effort cost is reduced because
the more the agent clears today, the less the agent needs to clear tomorrow to hold any
level of landholdings two periods from now.
2.1.1

Inter-temporal conditions: compensation for reduced deforestation

The effect of a compensation contract for reduced deforestation on optimal decisions is
now investigated. Along the interior of the state space the first order conditions are:

uC (y − k ) ≥ β

Z

uC χg(k, `0 ) + k · (1 − δ) + ρ · (λ + ` − `0 ) + φ · ( L − `0 ) − k0



× (χgK (k, `0 ) + 1 − δ) ζ (dz)
h L (`0 − `) ≥ β

Z

(8a)

uC χg(k, `0 ) + k · (1 − δ) + ρ · (λ + ` − `0 ) + φ · ( L − `0 ) − k0

× (χg L (k, `0 ) − ρ − φ) + h L (`00 − `0 ) + β



Z 

uC χ0 g(k0 , `00 )


+ k0 · (1 − δ) + ρ0 · (λ + `0 − `00 ) + φ0 · ( L − `00 ) − k00 ρ0 ζ (dz0 ) ζ (dz) (8b)
The policy affects the investment decision (8a) in two ways. First, by design compensation (weakly) increases future income. As consumption is increasing in income (see
proposition 4), compensation lowers the marginal utility of future consumption and the
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incentive to invest. Intuitively the agent’s need to withhold income to save is reduced
because reducing deforestation and maintaining forest stocks is a form of saving. Second, the reduction in landholdings changes the marginal productivity of capital. Where
the marginal productivity of capital is strictly increasing in landholdings, compensation unambiguously reduces the short term incentive to accumulate capital relative to a
world without compensation. This result is stated as a proposition, with the superscript
R denoting states and actions under Reduced deforestation policy.
Proposition 5. Let the payments for reduced deforestation fully compensate income losses, so
0
that y0 < y R . Where the marginal productivity of capital is increasing in landholdings the
introduction of compensation for reduced deforestation will reduce investment in the first period.
That is, 0 ≤ gKL implies k R ≤ k.
Proof. See appendix A.5.
Compensation for either reduced deforestation or forest stock lowers the marginal
benefit of an additional unit of deforestation (8b). Where increasing the compensation
rate increases next period’s income the effect of increasing either compensation rate
will be moderated by a declining marginal utility of consumption by proposition 4.
The reference level also influences behaviour through next period’s income. Again by
proposition 4, increasing the reference level lowers the marginal utility of consumption.
Compensation for reduced deforestation has an additional effect of increasing the
RR 0 0
marginal benefits of clearing land, β2
uC ρ ζ (dz0 ) ζ (dz). To see how this counterintuitive effect arises, note that set of next period’s landholdings that receives compensation
(including zero compensation) for reduced deforestation is the interval from no land to
the sum of the reference level and next period’s landholdings, [0, λ + `0 ]. Increasing next
period’s landholdings increases the upper bound of this set in the following period. Deforestation today raises allowable landholdings two periods from now that still receives
compensation for reduced deforestation.
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3

A numerical investigation of deforestation and economic
growth in Indonesia

The effects of policy parameters are investegated numerically through fitted value iteration.7 The model is calibrated to match the recent experience in Indonesia. Indonesia is
a relevant country for two reasons. First, Indonesia is the second largest source of emissions from land-use, land-use change and forestry (FAOSTAT, 2013). Second, Indonesia
is already receiving compensation for reducing deforestation (Solheim and Natalegawa,
2010; Tollefson, 2009; Brockhaus et al., 2012; Sloan et al., 2012).

3.1

Calibration

Assumption 5 shows the functional forms and assumption 6 shows the benchmark parameter values used in this analysis. The production function’s parameters are chosen
to match Indonesian data over 2006–2010, and the deforestation effort cost function and
utility functions are calibrated so that the model matches recent deforestation and income accumulation rates.
Assumption 5.
u(c) = 1 − e−θc
g(k, `) = Akα `η
h(d) = Bdψ

Assumption 6.

θ
0.85

β
µχ
0.962 P(χ = 1.0) = 1

η
0.02

δ
0.11

B
0.04

A
2.35

α
0.503

ψ
2.0

L
5.4

The units of output and income are in 100 trillions of year 2000 Indonesian Rupiahs
(IDR2000 ). Land is in 100,000 square kilometres, which is slightly larger than a fifth of
on (Stachurski, 2008, Algorithm 1), on a grid of size 50 x 50 with a tolerance of 1e−5 . This
method ensures the approximation converges to the global solution v∗ . The routine is implemented using
the open source NumPy, SciPy and matplotlib libraries in the python language. The procedure relies on a
numerical minimiser developed in Byrd et al. (1995). Scripts available upon request.
7 Based
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the Indonesian island of Sumatra. Since land is homogenous in this model the value
of land is assumed to be proportional to land area. At an average of 1251.8 tonnes of
CO2 equivalent (tCO2 e) per hectare arising from deforestation in Indonesia (Busch et al.,
2012) and using July 1, 2001 exchange rates (XE, 2013), ρ ≈ 8000 IDR2000 /tCO2 e ≈ 0.9
USD2000 /tCO2 e.
The data on capital stocks, GDP and population is taken from van der Eng (2010).
Residential capital is excluded from the final amount. The data does not include the
value of land or forests, nor does the data contain information on livestock or crop
values. Agricultural land use data comes from the World Bank’s development indicators
(The World Bank, 2013). This data does not include the area under forestry production.
The maximum amount of land L is set to the sum of agricultural and forested areas. The
initial per capita forested area is 3.97, and with per capita initial landholdings equalling
1.43, L = 5.4 (FAOSTAT, 2013).8 The output elasticity of land η, is set to 0.02 and the
output elasticity of capital α is set to 0.503 (Warr and Yusuf, 2011, table 3). A is calibrated
to 2.35. The capital depreciation rate is set to δ = 0.11 (van der Eng, 2009, figure 5). The
discount rate is β = 1/1 + r, where r is the real interest rate and is r is set to 0.04, as
the mean of recent years’ observations (The World Bank, 2013). θ is calibrated to 0.85,
ensuring the model generated income paths match data.
To the author’s knowledge, there does not exist any estimates that could be used as
parameter values for the deforestation cost function. The cost function is calibrated so
the path of deforestation generated by the model replicates the recent path of deforestation, with ψ = 2.0 and B = 0.04.
A deterministic version of the model (see assumption 7) is used for the bulk of the
numerical analysis. As a benchmark the policy rewards reduced deforestation and not
forest stocks. To simplify, notation regarding distributions will be dropped.

Assumption 7.

µρ
P{ρ = 0.5} = 1

λ
µφ
0.042 P{φ = 0.0} = 1

8 The

data for forested areas is the land under natural or planted stands of trees of at least 5 meters
in situ and excludes tree stands in agricultural production systems. For example, in fruit plantations and
agroforestry systems
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3.2

The counterfactual rate of deforestation

The effectiveness of policy can be assessed through comparing policy outcomes with
the outcomes that would have arisen in the absence of a policy (Holland, 1986). In
this model, this definition yields multiple measures of effectiveness. Multiple measures
arise because this period’s reduced deforestation policy affects next period’s state. Since
optimal actions are state dependent the effectiveness of next period’s policy depends on
policy this period. This path dependency of policy needs to be accounted for in assessing
the effectiveness of policy over time.
The structure suggests a need to distinguish between two types of outcomes to measure the effectiveness of reduced deforestation policy; outcomes after one period need to
be distinguished from outcomes after multiple periods. Where a policy is implemented
for one period, some measure of the outcome under policy and the counterfactual outcome yields the effectiveness of the policy. Term this the one period counterfactual. In
the next period, let the path with a compensation contract for reduced deforestation undertake another contract. The one period counterfactual is also required to assess the
effectiveness of the policy in this second period. Another relevant question is how well
reduced deforestation has performed over its lifetime. After two periods the counterfactual whereby no reduced policy was implemented in either period is required to assess
the effectiveness of the policy implemented in both periods. Term this the trajectory
counterfactual.
The idea is illustrated in figure 2. Here, Xt is the outcome variable of interest at time
t. For instance, a change in agricultural land. Outcome C is the counterfactual trajectory,
where there is no policy in either period. Outcome P is where a policy has been implemented for two periods. Outcome F is the path where the policy is undertaken only
in the first period. There are two relevant counterfactuals when assessing outcomes at
t = 2. First the one period effect is some measure of the distance between F and P. In
addition the trajectory effect is some measure of the distance between P and C.
These different counterfactuals reflect different objectives in reduced deforestation
policy. One objective is to reduce deforestation over the life of an agreement. For example, this short run objective is required to implement baselines and reward emissions
reductions. The one period counterfactual corresponds to this short run objective. Another objective is the stock of forests in the longer run, which in part determines the total
amount of emissions released. The trajectory counterfactual corresponds to this long run
objective.
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Figure 2: The two types of counterfactuals present in intertemporal policy.

Xt
C = X2 | X1,Baseline , X0,Baseline
F= X2 | X1,Baseline , X0,Policy
P = X2 | X1,Policy , X0,Policy

0

2

1

time

Statistics for the two types of effectiveness measures are constructed as follows. Given
an initial condition (y0 , `0 ) ∈ S and optimal policy π ∗ , (3) generates sequences of income
and landholdings both with and without policy. Distinguish sequences with a policy by
the superscript R.
in − inR
∆ (n, `0 , y0 , (ρ, λ, φ, µρ , µφ )) = 100 ·
i n − i0
i

subject to (3)

(10)

for i ∈ {`, y}. This measure is trajectory reduced deforestation (output) at time n. The
one period reduced deforestation (output) is (10) with n = 1. The steady state reduced
deforestation is a special case of (10) as n → ∞.
To measure how compensation changes over time, compensation payments as a proportion of counterfactual output is used.

Ξ(n, `0 , y0 , (ρ, λ, φ, µρ , µφ )) = 100 ·

3.3

ρ(λ + `nR−1 − `nR ) + φ( L − `nR )
yn

subject to (3) (11)

Results

The section will present results on the effects of varying reduced deforestation policy
parameters. The initial state is equal to 2010 values, (y0 , `0 ) = (24.608, 1.427).

16

3.3.1

Varying the reduced deforestation compensation rate, ρ

The compensation rates investigated are ρ ∈ {0.3, 0.5, 0.7}. Table 1 shows compensation
for reduced deforestation works as desired: a compensation rate of ρ = 0.3 reduces
deforestation by approximately 24 per cent in the first period. Increasing the compensation rate from 0.3 to 0.7 reduces deforestation by a further 34 per cent. After ten years,
reduced deforestation with ρ = 0.3 is approximately 20 per cent. A higher compensation rate decreases deforestation at any point in time, but the effect of increasing the
compensation rate diminishes over time.
Table 1: The effect of varying the compensation rate ρ on landholdings and output. The figures in
cells are reductions in deforestation (output) as defined in (10): ∆i (n, 24.608, 1.427, (ρ, 0.042, 0.0))
for i ∈ {`, y}. All other parameters follow assumption 6.

n
ρ
0.3
Land 0.5
0.7
0.3
Output 0.5
0.7

1
23.9
42.1
68.3
0.9
1.6
2.5

3
22.2
38.3
53.7
0.8
0.8
1.0

5
21.3
36.3
51.7
0.5
0.3
0.6

10
20.2
33.8
48.2
0.3
0.3
0.4

Output immediately declines due to the policy, as implied by proposition 5. For
the investigated compensation rates, output reductions after one period range between
0.9 and 2.5 per cent. After ten years, output reductions across the compensation rates
investigated are within 0.1 per cent of each other. This convergence to counterfactual trajectory output implies annual output growth is greater than the counterfactual after the
first period. The process driven by reinvesting received compensation as manufactured
capital.
Table 2 shows how total compensation paid as a proportion of trajectory counterfactual output changes with compensation rates. Compensation rates can be expected to
increase total compensation paid by both increasing the per unit payment and inducing
more deforestation. In the first period, compensation is approximately 7 per cent of national output with ρ = 0.3. A compensation rate ρ = 0.7 results in total compensation
payments of around 22 per cent of total output.
To put these numbers in context, the Norway-Indonesia moratorium provided USD 1
billion for forest reduction efforts (Solheim and Natalegawa, 2010; Sloan et al., 2012). For
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comparison, assume this is solely for the initial two-year moratorium on new licenses
for forest lands.9 Under this scenario, total compensation is equivalent to 0.08 per cent
of national output.
Table 2: The effect of varying the compensation rate ρ on total compensation paid as a proportion
of trajectory counterfactual output. The figures in cells are the compensation as a percentage of
counterfactual output as defined in (11): Ξ(n, 24.608, 1.427, (ρ, 0.042, 0.0)). All other parameters
follow assumption 6.

n
ρ
0.3
0.5
0.7

3.3.2

1
6.9
13.8
22.1

3
7.3
13.6
21.1

5
7.6
13.8
21.2

10
8.0
13.8
20.4

Varying the reference level, λ

The reference levels investigated are λ ∈ {0.042, 0.046, 0.05}, all of which exceed deforestation levels along any benchmark path. The changes in deforestation and output for
various reference rates are presented in table 3.
Table 3: The effect of varying the reference level λ on landholdings and output. The figures in
cells are reductions in deforestation (output) as defined in (10): ∆i (n, 24.608, 1.427, (0.5, λ, 0.0))
for i ∈ {`, y}. All other parameters follow assumption 6.

n

Land

Output

λ
0.042
0.046
0.050
0.042
0.046
0.050

1
42.1
42.3
42.7
1.6
1.7
2.0

3
38.3
38.5
39.0
0.8
0.9
0.8

5
36.3
36.7
37.1
0.3
0.6
0.4

10
35.8
34.5
34.9
0.3
0.4
0.4

Increasing the reference level reduces both deforestation and output. An increase
in the reference level from λ = 0.042 to λ = 0.050 reduces deforestation by 0.6 per
cent. Over time the effect of increasing the reference level on output diminishes. This
effect arises because compensation is reinvested as capital. Table 4 shows compensation
increasing from 14 to 18 per cent of benchmark output.
9 To

be clear, this is not the case.
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Table 4: The effect of varying the reference level λ on total compensation paid as a proportion
of trajectory counterfactual output. The figures in cells are the compensation as a percentage
of counterfactual output as defined in (11): Ξ(n, 24.608, 1.427, (0.5, λ, 0.0)). All other parameters
follow assumption 6.

λ
0.042
0.046
0.050
3.3.3

1
13.8
15.9
18.1

3
13.6
15.6
17.7

5
13.8
15.8
17.7

10
13.8
15.6
17.5

Varying the forest stock compensation rate, φ

Without any precise information on the value of non-market assets within forests relative to the value of carbon the forest stock compensation rate is set as one-hundredth
of the reduced deforestation rate. That is, φ ∈ {0.003, 0.005, 0.007}. The values are admittedly ad hoc; however, the underlying story is robust to changes in the forest stock
compensation rate.
Table 5: The effect of varying the forest stock compensation rate φ on landholdings and output. The figures in cells are proportional deforestation rates (and output) as defined in (10):
∆i (n, 24.608, 1.427, (0.5, 0.042, φ)) for i ∈ {`, y}. All other parameters follow assumption 6.

n

Land

Output

φ
0.000
0.003
0.005
0.007
0.000
0.003
0.005
0.007

1
42.1
44.4
56.0
57.5
1.6
2.6
3.7
4.5

3
38.3
40.7
42.2
43.6
0.8
1.0
1.4
1.7

5
36.3
38.8
40.3
41.8
0.3
0.6
0.9
1.0

10
33.8
36.4
37.9
39.4
0.3
0.2
0.3
0.5

Including compensation for forest stocks decreases deforestation (see table 5). In the
absence of stock compensation, proportional deforestation is 42 per cent. At a forest
stock compensation rate rate φ = 0.003, deforestation reduced is 44 per cent. Increasing
the compensation rate to φ = 0.007 reduces the change in landholdings by a further 2.5
per cent.
This reduced deforestation from forest stock compensation comes at a large price.
With a reduced deforestation compensation rate of 0.5 and a zero forest stock compensation rate, total compensation was equivalent to 14 per cent of benchmark output (see
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table 6). For slightly more than a further 2 per cent of reduced deforestation, total compensation payments rise by 12 per cent of benchmark output. This is because payments
are made based on the size of forest stock, which is large relative to the area of reduced
deforestation.
Table 6: The effect of varying the stock compensation rate φ on total compensation paid as
a proportion of trajectory counterfactual output. The figures in cells are the compensation as a
percentage of counterfactual output as defined in (11): Ξ(n, 24.608, 1.427, (0.5, 0.042, φ)). All other
parameters follow assumption 6.

φ
0.000
0.003
0.005
0.007

3.3.4

1
13.8
26.0
34.1
42.3

3
13.6
25.2
32.9
40.6

5
13.8
24.9
32.2
39.6

10
13.8
23.9
30.6
37.3

Stochastic productivity levels and compensation rates

Uncertainty in compensation rates will arise if the long term aim of linking REDD+ with
global carbon markets is realised (Eliasch, 2008; Angelsen et al., 2009). In this world the
foreign-agent has an additional option in contract design: offering a fixed compensation
rate, or a variable compensation rate tied to uncertain carbon prices.
There are two channels through which the optimal policy-function with variable compensation could differ from the optimal policy-function with fixed compensation. First,
the expected values of productivity shocks and variable compensation rates could differ
from the deterministic values. This possibility is removed by setting the expected values
in this section equal to the deterministic values in assumption 7. A second channel operates through an asymmetric value of the shocks to the agent. This occurs where future
benefits of deforestation are non-linear, as in the Euler equation (8).
The parameterisation is kept simple, as the qualitative result is of interest. Let random variables of productivity levels and compensation rates equal χ = χ̂ · x and ρ = ρ̂ · r.
The distributions of x and r follow assumption 8. The values for χ̂ and ρ̂ follow the values used in the investigation of the deterministic system, as found in assumption 7. All
other parameters follow assumptions 6 and 7.
To investigate the effect of removing uncertainty from compensation, empirical cumulative distribution functions are presented. The empirical cumulative distribution
function, taken from 10,000 observations of the stochastic law of motion (3) after five
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Table 7: Distribution parameters

µx

µr

µφ

σx

σr

P{φ = 0.0} = 1

0.1

0.1

Assumption 8.
ln N − σx2 /2, σx



ln N − σr2 /2, σr



years. For any value of landholdings `, the distribution function Fn (`) tells the proportion of observations that had landholdings less than `.

Figure 3: The empirical cumulative distribution functions of landholdings after five years with
compensation for reduced deforestation. Compensation levels are either deterministic (fixed) or
stochastic (variable). Parameters are as in assumptions 6 and 8, with deterministic compensation
rates having µρ satisfy P{ρ = 0.3} = 1. The empirical cumulative distribution functions are
calculated using 10,000 observations from the stochastic recursive sequence (3).

The estimated distribution functions for landholdings are presented in figure 3. The
figure shows landholdings under the fixed compensation rates are more likely to be
lower than landholdings under variable compensation rates. That is, more deforestation
is reduced with a fixed compensation rate. Greater reductions in deforestation occur
because under variable compensation and convex marginal utility, lower compensation
21

rates influence behaviour by more than higher compensation rates. This is a manifestation of a more general phenomenon known as prudence (Kimball, 1990).

4

Conclusion

I develop a general model for investigating the interaction between deforestation, reduced deforestation policy and economic growth. The model permits many different
assumptions about functional form, whilst still guaranteeing a unique path of deforestation. Conditions are established under which the model exhibits monotonocity of
optimal actions and stationary distributions of state variables. A numerical investigation
using Indonesian data generates additional insights into design principles of reduced
deforestation policy.
There are three main results. First, where capital and land are complimentary in
production, policy causes output to decline in the first period of the policy. Second,
compensation for forest stocks also reduces deforestation, but is unlikely to be feasible
due to high total compensation payments. Finally, that fixed compensation rates reduce
more deforestation than variable compensation rates.
Where land and capital are complimentary in production, policy causes a decline in
output growth for three reasons. First because lowering landholdings directly lowers
output. Second, compensation for reduced deforestation increases future income. As
consumption is increasing in income (see proposition 4), increasing compensation lowers
the marginal benefit of an additional unit of invested capital. Finally, the marginal
productivity of capital declines where capital and landholdings are complementary in
production.
The reduced deforestation compensation rate drives most of the reduced deforestation. Altering the reference level for deforestation rates reduces deforestation; however,
the magnitude is small. Compensation of forest stocks also creates a small incentive
not to deforest. This reduction is costly, an additional 2 per cent reduction in deforestation increases total compensation paid by 12 per cent of benchmark national production.
This increase arises because forest stocks are large relative to the area of deforestation
reduced.
Stock compensation rates have been suggested as a way to include countries with historically low deforestation rates, and high forest stock holdings (Cattaneo, 2008, 2009).
Since these countries by definition have large areas of forest, compensation for forest
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stocks will be more costly. With a limited pool of funds, as is likely with a REDD+
mechanism (Eliasch, 2008), increasing the quantity of forest rewarded lowers the payment per unit land rewarded. This lowers both the transfer of funds to each nation and
the incentive to avoid deforestation.
The results in the paper suggests a lower cost alternative to include countries with
low deforestation rates. By increasing the reference level, countries with historically
low deforestation rates can still receive a transfer for historically good performance.
As total quantities rewarded are lower under this proposal, a higher payment per unit
deforestation avoided can be offered with a limited pool of funds. This higher payment
creates a higher incentive to reduce deforestation.
Including uncertainty into production and compensation rates offers an additional
option for the policy-maker, who could offer a contract with either fixed compensation
rates, or with variable compensation rates tied to a global carbon price. I find that the
estimated probability of having lower landholdings is greater under fixed compensation
rates than under variable compensation rates. This occurs because the agent has convex
marginal utility. Under this condition the agent places more weight on low compensation
rates than higher compensation rates. This final result shows that removing uncertainty
in compensation rates can further reduce deforestation.
The framework in this paper provides a base for future research along two lines.
First, the model could be extended to include seemingly relevant factors like labour
markets and rural-urban migration (Merry et al., 2008). Second, the base framework
with an endogenously growing agricultural and capital sector could provide insights
into structural change (Moro, 2012), or ‘unified growth theory’ (Galor, 2011), where the
research agenda is to build a growth model capable of explaining the transition from pre
to post industrial revolution growth.
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A

Reduced deforestation and economic growth

In this section, proofs of the propositions presented in the body of the chapter on growth are
presented. Lemmas required to complete the proofs of these propositions follow in section B.

A.1

Proof of proposition 1

Proof. To begin, recall the state space S := (0, ∞) × [0, L]. It will be useful to define the two
dimensions of the state as SY := (0, ∞) and S L := [0, L]. Define the action space as X := S, with

(k, `0 ) a typical element of X. Let S 3 (y, `) 7→ Y (y, `) = [0, y] × S L ⊂ X be the feasible action
correspondence mapping the state into feasible actions.
Recall the reward function (1). By assumptions 1 and 2 the reward function is strictly concave,
continuously differentiable and bounded on the set of feasible state-action pairs, grY := {(y, `, k, `0 )
∈ S × X : (k, `0 ) ∈ Y (y, `)}; increasing on S for all (k, `0 ) ∈ Y (y, `).
With assumption 3 the transition function (2) is differentiable, continuous and concave on grY
for all z ∈ Z, and strictly increasing on S for all (k, `0 ) ∈ Y (y, `), z ∈ Z.
The feasible correspondence Y yields values in a closed and bounded subset of R2 and thus
is compact valued by the Heine-Borel theorem (Stachurski, 2009, Theorem 3.2.19). To show that
the feasible correspondence is continuous, note that if p(y, `) = (0, 0) and q(y, `) = (y, L), then
p and q are both continuous functions. Since Y = {(k, `0 ) ∈ X : p(y, `) ≤ (k, `0 ) ≤ q(y, `)}, Y is
a continuous correspondence by lemma 2 in appendix B. Finally the state space and the set of
feasible state-action pairs are a convex sets.
Now, let C icbS be the set of concave, increasing, continuous and bounded functions on S and
endow this space with the sup-norm d∞ .
Definition 6. For w ∈ C icbS, define the Bellman operator T : C icbS → C icbS as:
Tw(y, `) =

max

n

(k,`0 )∈Y (y,`)

0

r (y, `, k, ` ) + β

Z

o

w H (z, k0 , `, `0 ) ζ (dz)
(12)

((y, `) ∈ S)
Definition 7. Given w : C icbS → R, a policy-function π ∈ Π is w-greedy if:

π (y, `) ∈ arg max

0

r (y, `, k, ` ) + β

Z

0

0





w H (z, `, k , ` ) ζ (dz)

(k,`0 )∈Y (y,`)

((y, `) ∈ S)
By Stachurski (2009, Theorem 12.1.12), v∗ is the unique fixed point of T, that v∗ ∈ C icbS and
that it is the unique function in C icbS that satisfies equation 4. Further, there exists a v∗ -greedy
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policy-function π ∗ . By Stachurski (2009, Lemma 10.1.21), a v∗ -greedy policy-function is optimal
as defined in 4.
That v∗ is strictly concave can be ensured (Stachurski, 2009, Exercise 12.1.13). Since there
exists an optimal policy-function, and that v∗ is strictly concave, there is at most one optimal
policy-function (Sundaram, 1996, Theorem 7.14). An application of Berge’s theorem (Stachurski,
2009, Theorem B.1.3) of the maximum ensures the continuity of the policy-function π ∗ :=
arg max(k,`0 )∈Y (y,`) v∗ on S.

A.1.1

Proof of differentiability

The proof in this section is based on Stachurski (2009, Propositions 12.1.17, 12.1.18). The value
function is defined on two dimensions: income and land. The proofs in this section will prove
differentiability in the income, then the land dimension.

Income For w ∈ C icbS, define JY as

JY (y, k ) := u(y − k ) − h(`0 − `) + β

Z

w[χg(k, `0 ) + ρ · (λ + ` − `0 ) + φ · ( L − `0 ) + k · (1 − δ), `0 ]ζ (dz)

Where y > 0 and k < y by lemma 1, for any (`0 , `) ∈ S L × S L . Replacing W in Stachurski
(2009, Proposition 12.1.18) with JY and following through with the rest of the proof of Proposition
12.1.18 yields:

( Tw)Y (y, `) = uC (y − π K (y, `))

Land It will be shown that the value function is differentiable on the interior of the land dimension, int(S L ). Obtaining differentiability in the land dimension uses the same idea as above,
but is slightly different.
Let
JL (`, `0 ) := u(y − k ) − h(`0 − `) + V (`, `0 )
Where ` ∈ int(S L ), for any (y, k ) ∈ grY and
V (`, `0 ) := β

Z

w[y0 , `0 ]µχ (dχ)

where y0 = χg(π K (y, `), π L (y, `)) + ρ · (λ + ` − π L (y, `)) + φ · ( L − π L (y, `)) + π K (y, `) · (1 − δ)
R
Since ` int(S L ), there exists an open neighbourhood G of zero with:
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JL (` + a, π L (y, `)) ≤ Tw(y, ` + a) = JL (` + a, π L (y, ` + a))

∀a ∈ G

And so,

Tw(y, ` + a) − Tw(y, `) ≥ JL (` + a, π L (y, `)) − JL (`, π L (y, `))

= − h(π L (y, `) − ` − a) + V (` + a, π L (y, `))
+ h(π L (y, `) − `) − V (`, π L (y, `))
Replace a with a sequence ( an ) ⊂ G, an > 0 and an ↓ 0:

Tw(y, ` + an ) − Tw(y, `)
≤
an
h(π L (y, `) − ` − an ) − h(π L (y, `) − `)
an
L
V (` + an , π (y, `)) − V (`, π L (y, `))
+
an

−

∀n ∈ N

Since Tw inherits the concavity of w the right derivative in the land dimension DTw L+ exists.
Further, V is differentiable in its first dimension by the above result showing the existence of vY∗ .
As an ↓ 0 and since limits are preserved under inequalities (Bartle and Sherbert, 2011, Theorem
3.2.5), DTw L+ (y, `) ≥ −h L (π L (y, `) − `) + VL (`, π L (y, `)).
Reversing the procedure by letting ( an ) ⊂ G, an < 0 and an ↑ 0:

Tw(y, ` + an ) − Tw(y, `)
≥
an
h(π L (y, `) − ` − an ) − h(π L (y, `) − `)
an
L
V (` + an , π (y, `)) − V (`, π L (y, `))
+
an

−

∀n ∈ N

We know that the left derivative in the land dimension, DTw L− exists by the concavity of Tw,
and that vY∗ exists. Taking n → ∞ yields DTw L− ≤ −h L (π L (y, `) − `) + VL (`, π L (y, `)).
That is, DTw L− ≤ −h L (π L (y, `) − `) + VL (`, π L (y, `)) ≤ DTw L+ ; however, by concavity in Tw,
DTw L+ ≤ DTw L− . Since both the left and right derivatives are equal the following holds on the
int(S L )
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Tw` (y, `) = −h L + β

Z

uc ρ µχ (dχ)

Since v∗ is the unique fixed point of T in C icbS, v∗ = w∗ = Tw∗ and v∗ is differentiable on the
interior of S.

A.2

Proof of proposition 2

Proof. Where there is no compensation contract the transition function (2), H (χ, ρ, φ), `, π K (y, `), π L (y, `))
can be rewritten as H (χ, π K (y, `), π L (y, `)).
Let (k, `0 ) be the optimal actions at (y, `) ∈ S as defined in definition 4. Likewise, let (k̂, `ˆ 0 ) be
ˆ ∈ S. Where ŷ > y and `ˆ > `, then k̂ > k and `ˆ > `.
the optimal actions corresponding to (ŷ, `)
From the definition of the deforestation-growth value function:
∗



v (y, `) =

max

(k,`0 )∈grY (y,`)

0

r (y, `, k, ` ) + β

Z

∗

0





v H (χ, k, ` ) µχ (dχ)

Z

0
ˆ
≥ r (y, `, k̂, ` ) + β v∗ H (χ, k̂, `ˆ0 ) µχ (dχ)


Z

∗
∗
0
0
ˆ
ˆ
ˆ
ˆ
v (ŷ, `) =
max
r (ŷ, `, k̂, ` ) + β v H (χ, k̂, ` ) µχ (dχ)
ˆ
(k̂,`ˆ0 )∈grY (ŷ,`)

≥ r (ŷ, `ˆ , k, `0 ) + β

Z


v∗ H (χ, k, `0 ) µχ (dχ)

From these

ˆ − h(`0 − `)
ˆ ≤ u(y − k) − u(y − k̂ ) + h(`ˆ0 − `) − h(`0 − `)
u(ŷ − k ) − u(ŷ − k̂ ) + h(`ˆ0 − `)

(16)

For a contradiction, let k̂ < k and `ˆ0 < `0 . Beginning with consumption, note that y − k −

(y − k̂) = k̂ − k = ŷ − k − (ŷ − k̂) and that ŷ − k̂ > y − k. Since u is strictly increasing and
strictly concave, by Sundaram (1996, Theorem 12.22) or Stachurski (2009, Example 12.1.6) that
u(y − k ) − u(y − k̂ ) < u(ŷ − k ) − u(ŷ − k̂ ). Noting that `0 − ` > `0 − `ˆ > `ˆ 0 − ` > `ˆ 0 − `ˆ , an
analogous argument holds for increasing and strictly convex h that −(h(`ˆ0 − `) − h(`0 − `)) <
ˆ − h(`ˆ0 − `))
ˆ . These strict inequalities contradict (16).
−(h(`0 − `)
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A.3

Proof of proposition 3

Proof. To prove the existence of at least one nontrivial stationary distribution, a norm-like10 function w on S as well as nonnegative constants α < 1 and β < ∞ such that
Z

w(y0 , `0 )ζ (dz) ≤ αw(y, `) + β

(17)

are required (Stachurski, 2009, Proposition 12.1.32). The norm-like function will be constructed through summing two norm-like functions w := w1 + w2 , letting α := max{α1 , α2 } and
β := β 1 + β 2 (Stachurski, 2009, Exercise 12.1.26).
Let w1 (y, `) = |y|. Note that by assumption 4, for each ` ∈ [ L, L], a threshold k̄ such that for
R
k > k̄, χg(k, `)µχ (dχ) < ( a + δ − 1)k < α1 k for some α1 ∈ (0, 1). Let β 1 := g(k̄, L), then
Z

w1 ( H (χ, π K (y, `), π L (y, `))µχ (dχ) ≤ α1 k + β 1 ≤ α1 |y| + β 1 = α1 w1 (y, `) + β 1

This drift condition ensures that the income distribution does not escape to infinity.
The second problem is to ensure that there is sufficient incentives to invest at low incomes.11
For ` ∈ [ L, L], set w2 (y, `) = (u0 (y))1/2 and let y0 := χg(π K (y, `)π L (y, `)) + (1 − δ)π K (y, `)

Z

w2 ( H (z, π (y, `)))ζ (dz) =

=
≤

Z 
1/2
µχ (dχ)
u0 (y0 )
Z 

Z

χg + 1 − δ
u (y ) k
χgk + 1 − δ
0

0

0

0

1/2
µχ (dχ)
1/2 

u (y )(χgk + 1 − δ)µχ (dχ)

β −1
= w2 ( y ) R
χgk + 1 − δµχ (dχ)


β −1
R
(χgk + 1 − δ)µχ (dχ)

1/2

1/2

Now, with assumption 4, there exists some ŷ ∈ (0, ∞) such that for y < ŷ and all ` ∈ [ L, L],
R
one can find an α2 < 1 such that for y < ŷ, w2 (π (y, L))µχ (dχ) ≤ α2 w2 (y, L).
For y ≥ ŷ

Z

w2 ( H (χ, π K (y, `), π L (y, `)))µχ (dχ) ≤

Z

w2 ( H (χ, π K (ŷ, `), π L (ŷ, `)))µχ (dχ) =: β 2

10 Let

S be a Borel subset of R. A function w : S → R+ is norm-like if its sublevel sets are precompact
Stachurski (2009, Definition 8.2.9). That is, if the sets Ca := { x ∈ S : w( x ) ≤ a} are precompact in (S, d2 ),
where d2 is the Euclidean distance.
11 Note that this is where some positive L is required for a sufficient incentive to invest at low income
levels with production functions satisfying lim`↓0 gk = 0.
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thus

Z

K

L

w2 ( H (χ, π (y, `), π (y, `)))µχ (dχ) ≤ α2

Z

w2 (y, `) + β 2

And letting α = max{α1 , α2 }, β = β 1 + β 2 the drift condition w = α(w1 + w2 ) + β 1 + β 2 . This
satisfies equation (17).
It now remains to be shown that w = w1 + w2 is norm-like. Note that limy→∞ w1 (y, `) =
limy→0 w2 (y, `) = ∞ for any ` ∈ [ L, L]. The sublevel sets Ca := {(y, `) ∈ S : w(y, `) ≤ a} are of
the form [u a , v̄ a ] × [ L, L], where u a := miny∈(0,∞) w(y, ·) = a and v̄ a := maxy∈(0,∞) w(y, ·) = a. We
have ensured that u a > 0 and v̄ a < ∞. These sets are precompact in (0, ∞) for arbitrary a ∈ R+ .
By Rudin (1976, Theorem 2.33) the land dimension of the sub-level set CL := [ L, L] ⊂ S L is
compact relative to S L = [ L, L], since as a closed and bounded subset it is compact relative to R
and [ L, L] is compact relative to R. CL is therefore precompact in [ L, L]. By lemma 3 the sets Ca
are also precompact and hence, w is norm-like.

A.4

Proof of proposition 4

Proof. From the envelope condition, vY∗ (y, `) = uC (y − k ). Since v∗ is strictly concave by proposition 1, vY∗ is strictly decreasing in income. For this, convex uC and vY∗ = uC to hold, c(y) must be
increasing in y

A.5

Proof of proposition 5
0

Proof. Since the policy fully compensates for any income loss, y0 ≤ y R . By proposition 4, next
period consumption will be higher with avoided deforestation policy, or c(y) < c(y R ). Also,
as the policy rewards reduced deforestation, next period’s landholdings are always lower and
0

` R < `0 . Assume for a contradiction that k < k R . Then uC (y − k) < uC (y − k R ) for any y ∈ (0, ∞).
Since 0 ≤ gKL :
0

gK (k R , ` R ) ≤ gK (k R , `0 ) ≤ gK (k, `0 )
then
Z

β

R0

R

R0

uC (c(y )) gK (k , ` )ζ (dz) ≤ β

Z

uC (c(y)) gK (k, `0 )ζ (dz)

This leads to uC (y − k R ) ≤ uC (y − k), a contradiction.
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B

Additional lemmas

Lemma 1. Let π be a policy-function that satisfies (12) for some w ∈ C icbS. It is always the case that
π K (y, `) < y for y > 0, (`0 , `) ∈ S L × S L .
Proof. Let j(k ) := u(y − k ) − h(`0 − `) + W (k ), where W (k ) := β

R

w[χg(k, `0 )+ρ · (λ + ` − `0 )+φ ·

( L − `0 ) + k · (1 − δ), `0 ]ζ (dz). For any e > 0:
j(y) − j(y − e)
−u(e) W (y) − W (y − e)
=
+
e
e
e

(18)

Now replace B.14 in Stachurski (2009, p.351) with (18) and follow through the rest of the
proof. Conclude that consumption is always positive at positive income levels.
Lemma 2. Let A ⊂ Rk+ , B ⊂ R`+ let g and h be continuous functions from A to R`+ , and let φ : A → B
be defined by:
φ( x ) = {y ∈ Rl+ : g( x ) ≤ y ≤ h( x )}

( x ∈ A)

If g and h are continuous functions, then the correspondence φ is also continuous
Proof. For continuity, a correspondence is required to be both upper and lower hemi-continuous.
These will be proved in order.
Upper hemi-continuity: Pick any a ∈ A. Let ( an ) ⊂ A be a sequence such that an → a. ( an )
is therefore bounded. Let (bn ) ⊂ B, bn ∈ φ( an ), ∀n ∈ N. There exists a subsequence (bn j ) and a
b ∈ φ( a), with (bn j ) → b, as j → ∞.
Define C := { a} ∪ { an }n∈N . C is closed, bounded and is in a subset of (Rk , d2 ) and is therefore
compact by the Heine-Borel theorem. Note that the image of a compact set under a continuous
function is compact. Moreover, compact sets in (Rk , d2 ) are closed and bounded, again by HeineBorel theorem. Let g := ( g1 , ..., g` ), that is, let the continuous function g be comprised of `
continuous equations, one for each dimension in B. Note that gi : Rk+ → R+ . Do the same for
h. ∀i ∈ {1, ..., `} define: Gi := infx∈C gi ( x ) and Hi := supx∈C hi ( x ), which exist by the Weierstrass
theorem. Let G := ( G1 , ..., G` ) and H := ( H1 , ..., H` ). One can now bound bn : G ≤ bn ≤ H. By
the Bolzano-Weierstrass theorem, there exists a (bn j ) → b. Since g( an j ) ≤ bn ≤ h( an j ) for all j ∈ N
and for all i ∈ {1, ..., `}. By taking limits, since g and h are continuous and limits preserve partial
orders, g( a) ≤ b ≤ h( a). Hence, b ∈ φ( a) as required. φ is upper hemi-continuous.
Lower hemi-continuity: This follows immediately from Stachurski (2009, Lemma B.1.1, Theorem 3.1.11).
Since φ is both upper and lower hemi-continuous, it is continuous.
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Lemma 3. The Cartesian product, A × B ⊂ E × F of two single dimensional subspaces, A ⊂ E, B ⊂ F
is precompact if both A and B are both precompact.
Proof. If A is precompact, for every sequence ( an ) ⊂ A, there is exists a subsequence ( an(k) ) such
that an(k) → a ∈ E. A similar statement can be made for a sequence (bn ) ⊂ B.
Let ( xn ) := ( an , bn ) ⊂ A × B. This sequence is comprised of two sequences ( an ) ⊂ A and

(bn ) ⊂ B. Since both of these sequences have subsequences that converge to some ( a, b) ∈ E × F,
this defines a subsequence (zn(k) ) that converges to x := ( a, b) ∈ E × F. Thus, any sequence in
A × B has a subsequence that converges to a point in E × F. That is, A × B is precompact.
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